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1. Introduction and the main theorem
We consider the Mordell-Weil lattice of the elliptic curve
E(m) : y2 = x3 + tm + 1(1.1)
defined over k(t), where k is an algebraically closed field of characteristic 0. We denote by
Lm the Mordell-Weil lattice E(m)(k(t)).
E(m) are treated for the sphere packing problem in [S3]. In the cases m = 1, · · · , 6, the
corresponding elliptic surfaces are rational surfaces and Lm are described by well known
root lattices ([S3],[OS]). In [U1], we show that all Lm are described by these root lattices
and six lattices L9, L12, L18, L24, L30, L60. We give the Gram matrices of L9 and L12 in
[U2], and we describe L18 and L30 by L5, L6 and L9 in [U3].
In this paper, we give the lattice structures of L24 and L60 (section 2). So we have all
the lattice structures of Lm. For example, we have the lattice structure of L360, which has
the largest known rank 68 for an elliptic curve over k(t) (cf. [S6, §3, Remark]).
To give the lattice structures of Lm,
F (n) : y2 = x3 + tn + 1/tn(1.2)
play an important role. F (n) are introduced in [K] and [S8] in a more general situation. We
treat them in section 3.
We use the same notation as in [U1], [U2] and [U3]. We denote by L(c) the lattice
whose pairing is c times of the pairing of the lattice L. The pairing of E(ab)(k(tb)) is b
times of the pairing of La ([S2, Proposition 8.12]). So we denote the lattice E(ab)(k(tb))
by La(b). This is a sublattice of Lab. For sublattices N1 and N2 of L, N1 + N2 is the
sublattice of L generated by N1 and N2. If the pairing 〈P1, P2〉 = 0 for all P1 ∈ N1
and P2 ∈ N2, we say that N1 + N2 is a direct sum and denote it by N1 ⊕ N2. A∗2, D∗4 ,
E∗6 are the dual lattices of the root lattices A2, D4, E6 respectively and E8 is the unique
positive-definite even unimodular lattice of rank 8 (cf. [CS, Ch. 4]).
If P = (x(t), y(t)) ∈ L6n, then we have
P˜ = (t2nx(1/t), t3ny(1/t)) ∈ L6n .(1.3)
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For a sublattice N of L6n, we denote
N˜ = {P˜ | P ∈ N} .(1.4)
The map defined by
ι : P −→ P˜(1.5)
is an automorphism on L6n such that ι2(P ) = P . We have
N˜ ∼= N(1.6)
as lattices.
Let F (n) be the elliptic curve defined by
F (n) : y2 = x3 + tn + 1/tn(1.7)
and Fn be the Mordell-Weil lattice F (n)(k(t)). Then
H2 = {(t2x(t3), t3y(t3)) | (x(t), y(t)) ∈ F (2)(k(t))} ,(1.8)
H3 = {(t2x(t2), t3y(t2)) | (x(t), y(t)) ∈ F (3)(k(t))} ,(1.9)
H4 = {(t4x(t3), t6y(t3)) | (x(t), y(t)) ∈ F (4)(k(t))}(1.10)
and
H5 = {(t10x(t6), t15y(t6)) | (x(t), y(t)) ∈ F (5)(k(t))}(1.11)
are sublattices of L12, L12, L24 and L60 respectively. We have
H2 ∼= F2(3) , H3 ∼= F3(2) , H4 ∼= F4(3) and H5 ∼= F5(6) .(1.12)
In [U2] and [U3], we denote H5 by M10.
We define τ ∈ Gal(k(t)/k(t2)) and σ ∈ Gal(k(t)/k(t3)) by
τ : t → −t(1.13)
σ : t → ωt(1.14)
where ω is a primitive cubic root of 1. For a point P = (x, y), we denote
ωP = (ωx, y) .(1.15)
The main theorem of this paper is the following.
MAIN THEOREM. For the lattice Lm, the rank lm, the lattice structure Lm, the de-
terminant dm, the minimal norm µm and the number of minimal sections τm are given as
follows:
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(i) If m is a divisor of 360,
m lm Lm dm µm τm
1 0 {0} 0
2 2 A∗2 1/3 2/3 6
3 4 D∗4 1/4 1 24
4 6 E∗6 1/3 4/3 54
5 8 E8 1 2 240
6 8 E8 1 2 240
8 6 L4(2) 26/3 8/3 54
9 10 L9 35/4 3 240
10 10 L5(2) ⊕ L2(5) 2852/3 10/3 6
12 16 L6(2) + L4(3) + L˜4(3) + H3 2434 4 1848
15 12 L5(3) ⊕ L3(5) 3854/4 5 24
18 20 L9(2) + L˜9(2) + L6(3) 212310 6 672
20 14 L5(4) ⊕ L4(5) 21656/3 20/3 54
24 24 L12(2) + H4 220312 8 2040
30 24 L6(5) ⊕ L5(6) ⊕ L˜5(6) 21631658 10 240
36 28 L18(2) + L12(3) 228322 12 2280
40 14 L5(8) ⊕ L4(10) 23056/3 40/3 54
45 18 L9(5) ⊕ L5(9) 321510/4 15 240
60 48 L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5 252336520 20 1848
72 36 L24(3) + L18(4) 256338 24 2472
90 36 L18(5) ⊕ L5(18) ⊕ L˜5(18) 228342520 30 672
120 56 L24(5) ⊕ L5(24) ⊕ L˜5(24) ⊕ H5(2) 2100344528 40 2040
180 60 L36(5) ⊕ L5(36) ⊕ L˜5(36) ⊕ H5(3) 276386532 60 2280
360 68 L72(5) ⊕ L5(72) ⊕ L˜5(72) ⊕ H5(6) 21363102540 120 2472
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(ii) For general m, let g = (m, 360) and h = m/g . Then
lm = lg , Lm = Lg (h), dm = dghlg , µm = µgh, τm = τg .
The lattice structures Lm in this theorem are given in [U1, Theorem 2] except for
m = 12, 18, 24, 30, 60, 90, 120, 180, 360. For m = 18, 30, we have in [U3]. For
m = 24, 60, we give in section 2, and for m = 12, 90, 120, 180, 360, we give in section 4.
The Gram matrix of L9 is given in [U2, Corollary 1].
For the direct sum, dm and τm can be calculated easily (see Corollary 1). The other
cases are treated in section 4.
For the general theory of Mordell-Weil lattices, we refer to [S2] and [S5].
We use the height pairing formula many times in this paper. So we recall the formula
( [S2, Theorem 8.6]):
〈P,Q〉 = χ + (P · O) + (Q · O) − (P · Q) −
∑
v
contrv(P,Q)
〈P,P 〉 = 2χ + 2(P · O) −
∑
v
contrv(P, P ) .
(1.16)
Here χ is the arithmetic genus of the corresponding elliptic surface. For Lm, χ is equal
to the minimal integer that is not less than m/6 ([S3, Proposition 3.3]). (P · O) is the
intersection number of the section (P ) and the zero section (O), and similarly for (Q · O),
(P · Q). contrv(P,Q) is the local contribution at the reducible singular fibre v. For L6n,
there is no reducible singular fibre.
I would like to thank Professor Shioda for leading me to this interesting problem and
helping me at every step.
2. The lattice structures of L24 and L60
2.1. L24
LEMMA 1. Let P ∈ L24. Then Pσ = ωP if and only if P ∈ H4.
Proof. Let P = (x(t), y(t)) and assume that Pσ = ωP . Since
x(ωt) = ωx(t) , y(ωt) = y(t) ,(2.1)
x(t)/t and y(t) are σ−invariant. So there are rational functions x1(t) and y1(t) such that
x(t)/t = x1(t3) , y(t) = y1(t3) .(2.2)
Substituting them into the defining equation of E(24), we have
y1(t
3)2 = t3x1(t3)3 + t24 + 1 .(2.3)
This means that x1(t) and y1(t) satisfy the equation
y1(t)
2 = tx1(t)3 + t8 + 1 .(2.4)
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If we let
(x2(t), y2(t)) = (x1(t)/t, y1(t)/t2) ,(2.5)
then we have
(x2(t), y2(t)) ∈ F (4)(k(t))(2.6)
and
P = (t4x2(t3), t6y2(t3)) ∈ H4 .(2.7)
The converse is clear. q.e.d.
LEMMA 2. Let P ∈ L24. Then Pσ = ω2P if and only if P ∈ L˜8(3).
Proof. Let P = (x(t), y(t)) and assume that Pσ = ω2P . Since
x(ωt) = ω2x(t) , y(ωt) = y(t) ,(2.8)
x(t)/t2 and y(t) are σ−invariant. So there are rational functions x1(t) and y1(t) such that
x(t)/t2 = x1(t3) , y(t) = y1(t3) .(2.9)
Then we have
P = (x(t), y(t)) = (t2x1(t3), y1(t3))(2.10)
and
P˜ = (t8x(1/t), t12y(1/t)) = (t6x1(1/t3), t12y1(1/t3)) ∈ L8(3) .(2.11)
So
P ∈ L˜8(3) .(2.12)
The converse is clear. q.e.d.
LEMMA 3.
M4 = {(x(t6)/t2, y(t6)/t3) | y(t)2 = x(t)3 + t5 + t}(2.13)
is a sublattice of H4.
Proof. Let P = (x(t6)/t2, y(t6)/t3) ∈ M4. Since
y(t)2 = x(t)3 + t5 + t ,(2.14)
we have
y(t2)2 = x(t2)3 + t10 + t2(2.15)
and
(y(t2)/t3)2 = (x(t2)/t2)3 + t4 + 1/t4 .(2.16)
So (x(t2)/t2, y(t2)/t3) ∈ F (4)(k(t)) and P ∈ H4. q.e.d.
THEOREM 1. L24 = L12(2) + H4.
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Proof. Let P ∈ L24. We have
3P = (P + Pσ + Pσ 2) + (P + ωPσ + ω2Pσ 2) + (P + ω2Pσ + ωPσ 2) .(2.17)
Since
(P + Pσ + Pσ 2)σ = P + Pσ + Pσ 2
(P + ωPσ + ω2Pσ 2)σ = ω2(P + ωPσ + ω2Pσ 2)
(P + ω2Pσ + ωPσ 2)σ = ω(P + ω2Pσ + ωPσ 2) ,
(2.18)
by Lemma 1 and Lemma 2, we have
P + Pσ + Pσ 2 ∈ L8(3)
P + ωPσ + ω2Pσ 2 ∈ L˜8(3)
P + ω2Pσ + ωPσ 2 ∈ H4
(2.19)
and
3P ∈ L8(3) + L˜8(3) + H4 .(2.20)
Using the fact that L8 = L4(2) ([U1, Theorem 2]), we have
L8(3) = L4(6) ⊂ L12(2)
L˜8(3) = L˜4(6) ⊂ L˜12(2) = L12(2)
(2.21)
and
3P ∈ L12(2) + H4 .(2.22)
By [U3, Proposition 4] and Lemma 3, we have
2P ∈ L12(2) ⊕ M4 ⊂ L12(2) + H4 .(2.23)
By (2.22) and (2.23), we have
P ∈ L12(2) + H4 .(2.24)
q.e.d.
2.2. L60
We denote the lattice F (ab)(k(tb)) by Fa(b). This is a sublattice of Fab. In the same
way as the proof of [U1, Lemma 3.3], we can show the following Lemma.
LEMMA 4. F15 = F3(5) ⊕ F5(3) and F10 = F2(5) ⊕ F5(2).
Proof. By the algorithm of [S1], we know that
rank F1 = 0 .(2.25)
So, we have F3(5) ∩ F5(3) = F1(15) = {O}. Then, in the same way as [U3, Lemma 8],
we can show that F3(5) and F5(3) are orthogonal.
Now we show that F3(5) ⊕ F5(3) is a primitive sublattice of F15.
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For F15, the corresponding elliptic surface has reducible singular fibres of type I∗0 at
t = 0 and t = ∞. The contributions are contrv(P, P ) = 1 or 0. The arithmetic genus is
χ = 6. By (1.16), we have 〈P,P 〉 ≥ 2 · 6 − 1 − 1 > 0. So F15 is torsion free.
We assume that P ∈ F15 and that mP ∈ F3(5) ⊕ F5(3). Then we can write
mP = Q + R (Q ∈ F3(5) and R ∈ F5(3)) .(2.26)
Let σ ∈ Gal(k(t)/k(t3)) and ρ ∈ Gal(k(t)/k(t5)). Then
(mP)σ = Qσ + Rσ = Qσ + R(2.27)
and
m(P − Pσ ) = mP − (mP)σ = Q − Qσ ∈ F3(5) .(2.28)
So we have
(m(P − Pσ ))ρ = m(P − Pσ )(2.29)
and
m((P − Pσ ) − (P − Pσ )ρ) = 0 .(2.30)
Since F15 is torsion free, we have
P − Pσ = (P − Pσ )ρ .(2.31)
This means that
P − Pσ ∈ F3(5) .(2.32)
Then we have
3P = (P − Pσ + P − Pσ 2) + (P + Pσ + Pσ 2) ∈ F3(5) ⊕ F5(3) .(2.33)
In the same way, we can show that
5P ∈ F3(5) ⊕ F5(3) .(2.34)
By (2.33) and (2.34), we have P ∈ F3(5)⊕F5(3). So F3(5)⊕F5(3) is a primitive sublattice
of F15.
In the same way, we can show that F2(5) ⊕ F5(2) is a primitive sublattice of F10.
By the algorithm of [S1], we can calculate the rank:
rank F2 = 4 , rank F3 = 8 , rank F5 = 16 ,
rank F10 = 20 , rank F15 = 24 .(2.35)
So we have this lemma. q.e.d.
We define two sublattices of L60:
H15 = {(t10x(t2), t15y(t2)) | (x(t), y(t)) ∈ F (15)(k(t))}(2.36)
H10 = {(t10x(t3), t15y(t3)) | (x(t), y(t)) ∈ F (10)(k(t))} .(2.37)
LEMMA 5. H15 = H3(5) ⊕ H5 and H10 = H2(5) ⊕ H5.
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Proof. We have
H15 ∼= F15(2) .(2.38)
In this isomorphism, we have
H5 ∼= F5(6) and H3(5) ∼= F3(10) .(2.39)
By Lemma 4, we have H15 = H3(5) ⊕ H5.
In the same way, we have H10 = H2(5) ⊕ H5. q.e.d.
LEMMA 6. Let P ∈ L60. Then Pτ = −P if and only if P ∈ H3(5) ⊕ H5.
Proof. Let P = (x(t), y(t)) and assume that Pτ = −P . Since
x(−t) = x(t) , y(−t) = −y(t) ,(2.40)
x(t) and y(t)/t are τ−invariant. So there are rational functions x1(t) and y1(t) such that
x(t) = x1(t2) , y(t)/t = y1(t2) .(2.41)
Substituting them into the defining equation of E(60), we have
t2y1(t
2)2 = x1(t2)3 + t60 + 1 .(2.42)
This means that x1(t) and y1(t) satisfy the equation
ty1(t)
2 = x1(t)3 + t30 + 1 .(2.43)
If we let
(x2(t), y2(t)) = (x1(t)/t5, y1(t)/t7) ,(2.44)
then we have
(x2(t), y2(t)) ∈ F (15)(k(t))(2.45)
and
P = (t10x2(t2), t15y2(t2)) ∈ H15 .(2.46)
By Lemma 5, we have
P ∈ H3(5) ⊕ H5 .(2.47)
The converse is clear. q.e.d.
LEMMA 7. Let P ∈ L60. Then Pσ = ωP if and only if P ∈ H2(5) ⊕ H5.
Proof. In the same way as the proof of Lemma 1, we can show that Pσ = ωP if and
only if P ∈ H10. By Lemma 5, we have H10 = H2(5) ⊕ H5. q.e.d.
LEMMA 8. Let P ∈ L60. Then Pσ = ω2P if and only if P ∈ L˜20(3).
Proof. In the same way as the proof of Lemma 2, we can show this lemma. q.e.d.
THEOREM 2. L60 = L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5.
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Proof. Let P ∈ L60. We have
2P = (P + Pτ ) + (P − Pτ ) .(2.48)
Since
(P + Pτ )τ = P + Pτ
(P − Pτ )τ =−(P − Pτ ) ,(2.49)
by Lemma 6, we have
P + Pτ ∈ L30(2)
P − Pτ ∈ H3(5) ⊕ H5(2.50)
and
2P ∈ L30(2) + (H3(5) ⊕ H5) .(2.51)
By [U3, Theorem 2], we have L30 = L6(5) ⊕ L5(6) ⊕ L˜5(6) and
L30(2) = L6(10) ⊕ L5(12) ⊕ L˜5(12) ⊂ L12(5) ⊕ L5(12) ⊕ L˜5(12) .(2.52)
By (2.51) and (2.52), we have
2P ∈ L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5 .(2.53)
In the same way as the proof of Theorem 1, by Lemma 7 and Lemma 8, we have
3P ∈ L20(3) + L˜20(3) + (H2(5) ⊕ H5) .(2.54)
Using the fact that L20 = L4(5) ⊕ L5(4) ([U1, Theorem 2]), we have
L20(3) = L4(15) ⊕ L5(12) ⊂ L12(5) ⊕ L5(12)
L˜20(3) = L˜4(15) ⊕ L˜5(12) ⊂ L12(5) ⊕ L˜5(12) ,
(2.55)
and
3P ∈ L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5 .(2.56)
By (2.53) and (2.56), we have
P ∈ L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5 .(2.57)
q.e.d.
COROLLARY 1. L60 has 1848 minimal sections of norm 20 and the determinant is
252336520.
Proof. The minimal norms of L12, L5, F5 are 4, 2, 4 respectively. So the minimal
norms of L12(5), L5(12), L˜5(12), H5 ∼= F5(6) are 20, 24, 24, 24 respectively. Since L12
has 1848 minimal sections ([U2, Corollary 2]), L60 has 1848 minimal sections of norm 20.
The determinants of L12, L5, F5 are 64, 1, 54 respectively. The ranks of L12, L5, F5 are 16,
8, 16 respectively. So the determinant of L60 = L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5 is
64 · 516 · 1 · 128 · 1 · 128 · 54 · 616 = 252336520 .(2.58)
q.e.d.
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3. The lattices Fn
Fn = F (n)(k(t)) is the Mordell-Weil lattice of the elliptic curve
F (n) : y2 = x3 + tn + 1/tn .(3.1)
In [K], [S8], [S9] and [S11], more general cases are treated. Our case is obtained by
taking
C1 : y2 = x3 − 1(3.2)
and
C2 : y2 = x3 − x(3.3)
so that j1 = j (C1) = 0, j2 = j (C2) = 1 and h = rank Hom(C1, C2) = 0 ([S8, Example
(1)]). F (2) is isomorphic to the Kummer surface Km(C1 × C2) and F (de) is obtained as
the base change of F (e) by the map t → td of degree d . When n = 1, 2, 3, 4, 5, 6, the
corresponding elliptic surface (the Kodaira-Néron model of F (n)/k(t)) is a K3 surface.
For the lattice Fn, the rank r , the determinant d , the minimal norm µ and the number
of minimal sections τ are given as in the following table:
n r d µ τ
2 4 24/32 4/3 12
3 8 34/42 2 72
4 12 44/32 8/3 204
5 16 54 4 2640
6 16 64 4 1848
The ranks and the minimal norms are known ([K, Theorem 4.1],[S11, Theorem 2.4]).
F2 is well known (cf. [S8, Example (1)], [S9, Theorem 1.2]):
F2 ∼= A∗2(2) ⊕ A∗2(2) .(3.4)
So F2 has 12 minimal sections of norm 4/3 and the determinant is 24/32. For F6 ∼= L12,
we have d and τ in [U2, Corollary 2]. For F3, F4 and F5, the determinants are suggested
by Shioda and proved for F5 in [S8, Theorem 3.1(i)], [S10, Theorem 5], [U3, §4.6] and for
F3 in [S11, Theorem 2.4].
In the following subsections, we show that F3, F4 and F6 are generated by the sub-
lattices arising from rational elliptic surfaces (Theorem 3, 4, 7) in the same way as F5
(Theorem 5, [S10], [U3]). We also give the minimal sections of F3, F4 and F5. For F6, we
treat the minimal sections in the next section.
For P = (x(t), y(t)) ∈ Fn, we denote
P˜ = (x(1/t), y(1/t)) ∈ Fn .(3.5)
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3.1. F3
F3 = F (3)(k(t)) is the Mordell-Weil lattice of the elliptic curve
F (3) : y2 = x3 + t3 + 1/t3 .(3.6)
If we let s = t + 1/t , then we have
t3 + 1/t3 = s3 − 3s .(3.7)
Let G(3) be the elliptic curve over k(s) defined by
G(3) : y2 = x3 + s3 − 3s .(3.8)
We have G(3)(k(s)) ∼= D∗4 (cf. [OS]) and
G
(0)
3 = {(x(t + 1/t), y(t + 1/t)) | (x(s), y(s)) ∈ G(3)(k(s))}(3.9)
is a sublattice of F3, which is isomorphic to D∗4 (2).
For P = (x(t), y(t)) ∈ F3, we define P ′ by
P ′ = Pσ = (x(ωt), y(ωt)) ∈ F3 .(3.10)
We let
G
(1)
3 = {P ′ | P ∈ G(0)3 } and G(2)3 = {P ′ | P ∈ G(1)3 } .(3.11)
LEMMA 9. For P ∈ F3, P + P ′ + P ′′ = O .
Proof. Since
(P + P ′ + P ′′)σ = P + P ′ + P ′′ ,(3.12)
by (2.25), we have
P + P ′ + P ′′ ∈ F1(3) = {O} .(3.13)
q.e.d.
LEMMA 10. For P ∈ G(0)3 , P˜ ′ = P ′′.
Proof. Let P = (x(t + 1/t), y(t + 1/t)) ∈ G(0)3 . We have
P ′ = (x(ωt + 1/ωt), y(ωt + 1/ωt))(3.14)
and
P˜ ′ = (x(ω/t + t/ω), y(ω/t + t/ω))
= (x(1/ω2t + ω2t), y(1/ω2t + ω2t))
= P ′′ .
(3.15)
q.e.d.
LEMMA 11. For P, Q ∈ G(0)3 , 〈P,Q′〉 = −
1
2
〈P,Q〉.
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Proof. By Lemma 9 and Lemma 10,
0 = 〈P,O〉 = 〈P,Q + Q′ + Q′′〉
= 〈P,Q〉 + 〈P,Q′〉 + 〈P,Q′′〉
= 〈P,Q〉 + 〈P,Q′〉 + 〈P˜ , Q˜′〉
= 〈P,Q〉 + 〈P,Q′〉 + 〈P,Q′〉 .
(3.16)
So we have
〈P,Q′〉 = −1
2
〈P,Q〉 .(3.17)
q.e.d.
PROPOSITION 1. The Gram matrix of G(0)3 + G(1)3 is given by

2 0 0 1 −1 0 0 −1
2
0 2 0 1 0 −1 0 −1
2
0 0 2 1 0 0 −1 −1
2
1 1 1 2 −1
2
−1
2
−1
2
−1
−1 0 0 −1
2
2 0 0 1
0 −1 0 −1
2
0 2 0 1
0 0 −1 −1
2
0 0 2 1
−1
2
−1
2
−1
2
−1 1 1 1 2


(3.18)
and the determinant is 34/42.
Proof. Let P1, P2, P3, P4 be the generators of G(0)3 ∼= D∗4(2) such that the Gram
matrix is 

2 0 0 1
0 2 0 1
0 0 2 1
1 1 1 2

 .(3.19)
By Lemma 11,
〈Pi, P ′j 〉 = −
1
2
〈Pi, Pj 〉 .(3.20)
So we have the Gram matrix of P1, P2, P3, P4, P ′1, P ′2, P ′3, P ′4. q.e.d.
THEOREM 3. F3 = G(0)3 + G(1)3 .
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Proof. By [S11, Theorem 2.4], we know that
detF3 = 34/42 .(3.21)
So we have this theorem by Proposition 1. q.e.d.
COROLLARY 2. F3 has 72 minimal sections of norm 2 and the determinant is 34/42.
Proof. Assume that
P + Q′ (P,Q ∈ G(0)3 , P = O, Q = O)(3.22)
is a minimal section. By Lemma 11, we have
2 = 〈P + Q′, P + Q′〉
= 〈P,P 〉 + 2〈P,Q′〉 + 〈Q′,Q′〉
= 〈P,P 〉 − 〈P,Q〉 + 〈Q,Q〉
(3.23)
and
〈P,Q〉 = 〈P,P 〉 + 〈Q,Q〉 − 2 > 0 .(3.24)
Then
〈P − Q,P − Q〉 = 〈P,P 〉 − 2〈P,Q〉 + 〈Q,Q〉 = 2 − 〈P,Q〉 < 2 .(3.25)
So we have P = Q and P + Q′ = P + P ′ = −P ′′.
Hence there is no other minimal section than that of G(0)3 ,G
(1)
3 and G
(2)
3 . The number
of minimal sections of F3 is 24 × 3 = 72.
The Gram matrix is given by (3.18) and the determinant is 34/42. q.e.d.
3.2. F4
F4 = F (4)(k(t)) is the Mordell-Weil lattice of the elliptic curve
F (4) : y2 = x3 + t4 + 1/t4 .(3.26)
If we let s = t + 1/t , then we have
t4 + 1/t4 = s4 − 4s2 + 2 .(3.27)
Let G(4) be the elliptic curve over k(s) defined by
G(4) : y2 = x3 + s4 − 4s2 + 2 .(3.28)
We have G(4)(k(s)) ∼= E∗6 ([S4, §10], [OS]) and
G
(0)
4 = {(x(t + 1/t), y(t + 1/t)) | (x(s), y(s)) ∈ G(4)(k(s))}(3.29)
is a sublattice of F4, which is isomorphic to E∗6 (2).
For P = (x(t), y(t)) ∈ F4, we define P ′ by
P ′ = (−x(ζ8t), ζ 28 y(ζ8t)) ∈ F4 .(3.30)
Here ζ8 is a primitive 8-th root of 1. We let
G
(i+1)
4 = {P ′ | P ∈ G(i)4 } i = 0, 1, 2 .(3.31)
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PROPOSITION 2. The Gram matrix of G(0)4 + G(1)4 is given by
1
3


8 −4 2 −4 2 −4 0 0 0 0 0 0
−4 8 2 2 2 2 0 0 0 0 0 0
2 2 8 −4 2 2 0 0 0 −3 0 0
−4 2 −4 8 −4 2 0 0 3 0 0 0
2 2 2 −4 8 −4 0 0 0 0 0 3
−4 2 2 2 −4 8 0 0 0 0 −3 0
0 0 0 0 0 0 8 −4 2 −4 2 −4
0 0 0 0 0 0 −4 8 2 2 2 2
0 0 0 3 0 0 2 2 8 −4 2 2
0 0 −3 0 0 0 −4 2 −4 8 −4 2
0 0 0 0 0 −3 2 2 2 −4 8 −4
0 0 0 0 3 0 −4 2 2 2 −4 8


(3.32)
and the determinant is 44/32.
Proof. Points of the form
P = (as + b, s2 + ds + e) a, b, d, e ∈ k(3.33)
generate G(4)(k(s)) ([S4, (10.5)]). Then a satisfy the fundamental algebraic equation of
G(4):
a27 − 384a21 + 14592a15 − 1212416a9 − 442368a3 = 0(3.34)
([S4, (10.18)]). The minimal prime number p such that the equations
a8 = 1(3.35)
and (3.34) can be solved in Fp is 1753. We have
G(4)(F1753(s)) = G(4)(F1753(s)) .(3.36)
We say that 1753 is a splitting prime number of G(4) (cf. [U2, §1]). We let
F4,p = F (4)(F1753(t)) .(3.37)
According to Shioda∗, it is known that
F4 ∼= F4,p .(3.38)
Using the roots of (3.34) in F1753, we have all minimal sections of G(4)(F1753(s)). We
can calculate the height pairings of them by (1.16). So we can find 6 generators of
∗In general, suppose E/k(t) is an elliptic curve which reduces modulo p to an elliptic curve E′/k′(t) (k′:
alg.closed). Assume that the trivial lattices of the corresponding elliptic surfaces stay the same under the reduction
mod p. Then if the cokernel of the natural inclusion E(k(t)) → E′(k′(t)) has any torsion, then it is a p-power
torsion. Hence, if the Mordell-Weil ranks also stay the same, and if det E′(k′(t)) is not divisible by p, then
E(k(t)) → E′(k′(t)) is an isomorphism. This is the analogue of [S11, Lemma 3.3, 3.5] which can be shown by
similar idea, using l-adic cohomology.
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G(4)(F1753(s)):
(218 , s2 + 1751)
(1110 , s2 + 1751)
(481s + 598 , s2 + 1224s + 1353)
(1645s + 150 , s2 + 1224s + 1353)
(1415s + 1102 , s2 + 306s + 412)
(1592s + 722 , s2 + 306s + 412) .
(3.39)
Then
G
(0)
4,p = {(x(t + 1/t), y(t + 1/t)) | (x(s), y(s)) ∈ G(4)(F1753(s))}(3.40)
and
G
(1)
4,p = {P ′ | P ∈ G(0)4,p}(3.41)
are sublattices of F4,p. By (3.39), the generators of G(0)4,p are
P1 = (218 , t2 + 1/t2)
P2 = (1110 , t2 + 1/t2)
P3 = (481t + 598 + 481/t , t2 + 1224t + 1355 + 1224/t + 1/t2)
P4 = (1645t + 150 + 1645/t , t2 + 1224t + 1355 + 1224/t + 1/t2)
P5 = (1415t + 1102 + 1415/t , t2 + 306t + 414 + 306/t + 1/t2)
P6 = (1592t + 722 + 1592/t , t2 + 306t + 414 + 306/t + 1/t2)
(3.42)
and the generators of G(1)4,p are
P7 = (1535 , 1752t2 + 1/t2)
P8 = (643 , 1752t2 + 1/t2)
P9 = (1519t + 1155 + 1446/t , 1752t2 + 990t + 1541 + 1164/t + 1/t2)
P10 = (1237t + 1603 + 222/t , 1752t2 + 990t + 1541 + 1164/t + 1/t2)
P11 = (1112t + 651 + 500/t , 1752t2 + 1124t + 1075 + 291/t + 1/t2)
P12 = (789t + 1031 + 1597/t , 1752t2 + 1124t + 1075 + 291/t + 1/t2) .
(3.43)
The Gram matrix of G(0)4,p + G(1)4,p is the Gram matrix of these 12 points and it is given by
(3.32). By the theory of rational elliptic surfaces ([OS]), we know that
G(4)(k(s)) ∼= G(4)(F1753(s)) .(3.44)
So, by (3.36), we have
G
(0)
4
∼= G(0)4,p and G(1)4 ∼= G(1)4,p .(3.45)
As sublattices of F4 ∼= F4,p, we have
G
(0)
4 + G(1)4 ∼= G(0)4,p + G(1)4,p .(3.46)
q.e.d.
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THEOREM 4. F4 = G(0)4 + G(1)4 .
Proof. Let f : S4 −→ P1 be the Kodaira-Néron model of F (4)/k(t). It has reducible
fibres of type IV at t = 0 and t = ∞. Let NS(S4) be the Néron-Severi lattice of S4 and let
T be the trivial sublattice of NS(S4). Then we have
det T = 32 .(3.47)
Since we know that
detNS(S4) = det F4 · detT ,(3.48)
by Proposition 2, detNS(S4) is a divisor of 44/32·32 = 44. If we assume F4 = G(0)4 +G(1)4 ,
then there is a point P ∈ F4 such that P /∈ G(0)4 + G(1)4 and 2P ∈ G(0)4 + G(1)4 . We can
assume that
2P = a1P1 + · · · + a12P12 (ai = 0, 1) .(3.49)
We can calculate
〈P,Pi 〉 = 12 〈2P,Pi〉 =
1
2
〈a1P1 + · · · + a12P12, Pi〉
= 1
2
(a1〈P1, Pi 〉 + · · · + a12〈P12, Pi〉) .
(3.50)
Since 〈P,Pi 〉 ∈ 13Z,
3〈P,Pi〉 = 12 (a1 · 3〈P1, Pi〉 + · · · + a12 · 3〈P12, Pi 〉) ∈ Z .(3.51)
Solving the simultaneous equations
a1 · 3〈P1, Pi〉 + · · · + a12 · 3〈P12, Pi〉 = 0 (i = 1, 2, . . . , 12)(3.52)
in F2, we have
a3 = a4 = a5 = a6 = a9 = a10 = a11 = a12 = 0 .(3.53)
We substitute 0 or 1 into a1, a2, a7, a8, and calculate
〈P,P 〉 = 1
4
〈2P, 2P 〉 = · · · .(3.54)
Then we have 〈P,P 〉 < 8/3 . This contradicts P ∈ F4. q.e.d.
COROLLARY 3. F4 has 204 minimal sections of norm 8/3 and the determinant is
44/32.
Proof. The minimal sections of F4,p are of the form:{
x = x1/t + x2 + x3t
y = ±1/t2 + y2/t + y3 + y4t ± t2 x1, x2, x3, y2, y3, y4 ∈ F1753 .(3.55)
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We substitute them into the defining equation of F (4). Looking at the coefficients of t i
for i = −3,−2,−1, 0, 1, 2, 3, we have simultaneous equations of x1, x2, x3, y1, y2, y3.
Solving these simultaneous equations in F1753, we can find all the minimal sections of F4,p
and the number of them is 204. There are 54 minimal sections in each G(i)4 ∼= E∗6 (2) (i =
0, 1, 2, 3). But G(0)4 ∩ G(2)4 ∼= A∗2(4) have 6 minimal sections and G(1)4 ∩ G(3)4 ∼= A∗2(4)
have 6 minimal sections. So we have 54 · 4 − 6 − 6 = 204 minimal sections.
The Gram matrix is given by (3.32) and the determinant is 44/32. q.e.d.
3.3. F5
F5 = F (5)(k(t)) is the Mordell-Weil lattice of the elliptic curve
F (5) : y2 = x3 + t5 + 1/t5 .(3.56)
If we let s = t + 1/t , then we have
t5 + 1/t5 = s5 − 5s3 + 5s .(3.57)
Let G(5) be the elliptic curve over k(s) defined by
G(5) : y2 = x3 + s5 − 5s3 + 5s .(3.58)
We have G(5)(k(s)) ∼= E8 (cf. [OS]) and
G
(0)
5 = {(x(t + 1/t), y(t + 1/t)) | (x(s), y(s)) ∈ G(5)(k(s))}(3.59)
is a sublattice of F5, which is isomorphic to E8(2).
For P = (x(t), y(t)) ∈ F5, we define P ′ by
P ′ = (x(ζ5t), y(ζ5t)) ∈ F5 .(3.60)
Here ζ5 is a primitive 5-th root of 1. We let
G
(i+1)
5 = {P ′ | P ∈ G(i)5 } i = 0, 1, 2, 3 ,(3.61)
and
G
(i)
5min = {P ∈ G(i)5 | 〈P,P 〉 = 4} .(3.62)
By [S10, Theorem 5] and [U3, §4.6], we know the following theorem.
THEOREM 5. F5 = G(0)5 + G(1)5 and detF5 = 54.
We denote
(P ′)′ = P ′′ = P (2), (P (2))′ = P (3), (P (3))′ = P (4) .(3.63)
LEMMA 12. For P ∈ F5, P + P ′ + P (2) + P (3) + P (4) = O .
Proof. In the same way as the proof of Lemma 9, we can prove this lemma.
q.e.d.
LEMMA 13. For P ∈ G(0)5 , P˜ ′ = P (4) and P˜ (2) = P (3).
Proof. In the same way as the proof of Lemma 10, we can prove this lemma. q.e.d.
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LEMMA 14. For P ∈ G(0)5 , the intersection number (P ·P ′) satisfies (P ·P ′) ∈ 2Z
and (P · P ′) ≥ 2.
Proof. If
P = (x1(t), y1(t)) = (x(t + 1/t), y(t + 1/t)) ∈ G(0)5 ,(3.64)
then
P ′ = (x2(t), y2(t)) = (x(ζ5t + 1/ζ5t), y(ζ5t + 1/ζ5t)) .(3.65)
Since
x1(±ζ 25 ) = x2(±ζ 25 ) and y1(±ζ 25 ) = y2(±ζ 25 ) ,(3.66)
we have
(P · P ′) ≥ 2 .(3.67)
If
x1(α) = x2(α) and y1(α) = y2(α) ,(3.68)
then
x1(1/ζ5α) = x2(1/ζ5α) and y1(1/ζ5α) = y2(1/ζ5α) .(3.69)
So we have
(P · P ′) ∈ 2Z .(3.70)
q.e.d.
LEMMA 15. For P ∈ G(0)5 min, 〈P,P ′〉 = 0 or −2. There are 120 points P ∈ G(0)5min
such that 〈P,P ′〉 = 0 and there are 120 points P ∈ G(0)5min such that 〈P,P ′〉 = −2.
Proof. Let P ∈ G(0)5min. By (1.16), we have
〈P,P ′〉 = 2 − (P · P ′) .(3.71)
Since
4 ≤ 〈P + P ′, P + P ′〉 = 〈P,P 〉 + 2〈P,P ′〉 + 〈P ′, P ′〉 = 4 + 2〈P,P ′〉 + 4 ,(3.72)
we have
〈P,P ′〉 ≥ −2 .(3.73)
So, by Lemma 14, we have
〈P,P ′〉 = 0 or − 2 .(3.74)
On the Mordell-Weil Lattice of the Elliptic Curve y2 = x3 + tm + 1. IV 41
By Lemma 12 and Lemma 13,
0 = 〈P,O〉 = 〈P,P + P ′ + P (2) + P (3) + P (4)〉
= 〈P,P 〉 + 〈P,P ′〉 + 〈P,P (2)〉 + 〈P,P (3)〉 + 〈P,P (4)〉
= 〈P,P 〉 + 〈P,P ′〉 + 〈P,P (2)〉 + 〈P˜ , P˜ (2)〉 + 〈P˜ , P˜ ′〉
= 〈P,P 〉 + 〈P,P ′〉 + 〈P,P (2)〉 + 〈P,P (2)〉 + 〈P,P ′〉
= 〈P,P 〉 + 2〈P,P ′〉 + 2〈P,P ′′〉 .
(3.75)
So we have that
if 〈P,P ′〉 = −2, then 〈P,P ′′〉 = 0.(3.76)
If P ∈ G(0)5min such that 〈P,P ′〉 = −2, then Q = P (2) + P (3) satisfies
〈Q,Q〉 = 〈P (2), P (2)〉 + 2〈P (2), P (3)〉 + 〈P (3), P (3)〉
= 〈P,P 〉 + 2〈P,P ′〉 + 〈P,P 〉 = 4 − 4 + 4 = 4 .(3.77)
Since Q˜ = P˜ (2) + P˜ (3) = P (3) + P (2) = Q, we have Q ∈ G(0)5min. By (3.76),
〈Q,Q′〉 = 〈P (2) + P (3), P (3) + P (4)〉
= 〈P (2), P (3)〉 + 〈P (2), P (4)〉 + 〈P (3), P (3)〉 + 〈P (3), P (4)〉
= 〈P,P ′〉 + 〈P,P ′′〉 + 〈P,P 〉 + 〈P,P ′〉
= −2 + 0 + 4 − 2 = 0 .
(3.78)
On the other hand, P is given by P = −Q′−Q(4). So the number of P such that 〈P,P ′〉 =
0 is equal to the number of P such that 〈P,P ′〉 = −2 and it is 120. q.e.d.
Let P ∈ G(0)5min such that 〈P,P ′〉 = −2 and let Q = P (2) + P (3). There are 12 points
R ∈ G(0)5min such that 〈P,R〉 = 〈Q,R〉 = 2. By Lemma 12 and Lemma 13,
0 = 〈O,R〉 = 〈P + P ′ + P (2) + P (3) + P (4), R〉
= 〈P,R〉 + 〈P ′, R〉 + 〈P (2), R〉 + 〈P (3), R〉 + 〈P (4), R〉
= 〈P,R〉 + 〈P˜ ′, R˜〉 + 〈P (2), R〉 + 〈P (3), R〉 + 〈P (4), R〉
= 〈P,R〉 + 〈P (4), R〉 + 〈P (2), R〉 + 〈P (3), R〉 + 〈P (4), R〉
= 〈P,R〉 + 〈P (2) + P (3), R〉 + 2〈P (4), R〉
= 〈P,R〉 + 〈Q,R〉 + 2〈P,R′〉 .
(3.79)
So we have
〈P,R′〉 = (−2 − 2)/2 = −2 .(3.80)
Then S = P + R′ satisfies
〈S, S〉 = 〈P,P 〉 + 2〈P,R′〉 + 〈R′, R′〉 = 4 − 4 + 4 = 4 .(3.81)
By Lemma 15, there are 120 × 12 = 1440 minimal sections of this type. We can show that
S /∈ G(i)5min (i = 0, 1, 2, 3, 4) as follows.
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Clearly, S /∈ G(0)5min and S /∈ G(1)5min.
Assume that S ∈ G(2)5min. There is T ∈ G(0)5min such that S = P +R′ = T ′′. By Lemma
13,
T ′′ − P = R′ = R˜′(2) = (T (3) − P)(2) = T − P ′′ .(3.82)
So we have T ′′ + P ′′ = T + P ∈ G(0)5 ∩ G(2)5 = {O} and T = −P . Then R′ = −P − P ′′
and
〈P,R〉 = 〈P ′, R′〉 = 〈P ′,−P − P ′′〉 = −〈P ′, P 〉 − 〈P ′, P ′′〉 = −2〈P,P ′〉 = 4 .(3.83)
This contradicts 〈P,R〉 = 2.
Assume that S ∈ G(3)5min. There is T ∈ G(0)5min such that S = P + R′ = T (3).
P + R′ = T (3) = T˜ (3)′ = (P + R(4))′ = P ′ + R .(3.84)
So we have R′ − P ′ = R − P ∈ G(0)5 ∩ G(1)5 = {O} and R = P . This contradicts〈P,R〉 = 2.
Assume that S ∈ G(4)5min. There is T ∈ G(0)5min such that S = P + R′ = T (4).
T (4) − R′ = P = P˜ = T ′ − R(4) .(3.85)
So we have T (4)+R(4) = T ′+R′ ∈ G(1)5 ∩G(4)5 = {O} and T = −R. Then P = −R′−R(4)
and
〈P,R〉 = 〈−R′ − R(4), R〉 = −〈R′, R〉 − 〈R(4), R〉 = −2〈R,R′〉 = 0 or 4 .(3.86)
This contradicts 〈P,R〉 = 2.
THEOREM 6. F5 has 2640 minimal sections of norm 4.
Proof. In the same way as the proof of Corollary 3, we can show that the number of
minimal sections is 2640. We use p = 1861 in this case (see [U3, §4.6]). There are 240
minimal sections in each G(i)5 (i = 0, 1, 2, 3, 4). By the argument above, we have 120×12
more minimal sections. So we have 240 × 5 + 120 × 12 = 2640 minimal sections. q.e.d.
3.4. F6
F6 is the Mordell-Weil lattice of the elliptic curve
F (6) : y2 = x3 + t6 + 1/t6 .(3.87)
We have
F6 ∼= L12 .(3.88)
If we let s = t + 1/t , then we have
t6 + 1/t6 = s6 − 6s4 + 9s2 − 2 .(3.89)
Let G(6) be the elliptic curve over k(s) defined by
G(6) : y2 = x3 + s6 − 6s4 + 9s2 − 2 .(3.90)
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We have G(6)(k(s)) ∼= E8 (cf. [OS]) and
G
(0)
6 = {(x(t + 1/t), y(t + 1/t)) | (x(s), y(s)) ∈ G(6)(k(s))}(3.91)
is a sublattice of F6, which is isomorphic to E8(2).
For P = (x(t), y(t)) ∈ F6, we define P ′ by
P ′ = (−x(ζ12t), ζ 312y(ζ12t)) ∈ F6 .(3.92)
Here ζ12 is a primitive 12-th root of 1. We let
G
(i+1)
6 = {P ′ | P ∈ G(i)6 } i = 0, 1, 2, 3, 4 .(3.93)
THEOREM 7. F6 = G(0)6 + G(1)6 .
Proof. As we will show in (4.38), 157 is a splitting prime number of E(12). We let
F6,p = F (6)(F157(t)) .(3.94)
Then
G
(0)
6,p = {(x(t + 1/t), y(t + 1/t)) | (x(s), y(s)) ∈ G(6)(F157(s))}(3.95)
and
G
(1)
6,p = {P ′ | P ∈ G(0)6,p}(3.96)
are sublattices of F6,p. By (4.38), we have
F6 ∼= F6,p .(3.97)
In the same way as in the proof of Corollary 3, we can find 240 minimal sections of
G(6)(F157(s)). Calculating the height pairings, we can find 8 generators of them:
(62 , s3 + 154s)
(116 , s3 + 154s)
(89s2 + 62 , 36s3 + 131s)
(126s2 + 116 , 36s3 + 131s)
(13s2 + 16 , 16s2 + 13)
(156s2 + 35 , 16s2 + 13)
(37s2 + 96s + 8 , 10s3 + 120s2 + 120s + 14)
(130s2 + 53s + 96 , 10s3 + 120s2 + 120s + 14) .
(3.98)
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By (3.98), the generators of G(0)6,p are
P1 = (62, t3 + 1/t3)
P2 = (116, t3 + 1/t3)
P3 = (89t2 + 83 + 89/t2, 36t3 + 82t + 82/t + 36/t3)
P4 = (126t2 + 54 + 126/t2, 36t3 + 82t + 82/t + 36/t3)
P5 = (13t2 + 42 + 13/t2, 16t2 + 45 + 16/t2)
P6 = (156t2 + 33 + 156/t2, 16t2 + 45 + 16/t2)
P7 = (37t2 + 96t + 82 + 96/t + 37/t2,
10t3 + 120t2 + 150t + 97 + 150/t + 120/t2 + 10/t3)
P8 = (130t2 + 53t + 42 + 53/t + 130/t2,
10t3 + 120t2 + 150t + 97 + 150/t + 120/t2 + 10/t3)
(3.99)
and the generators of G(1)6,p are
P9 = (95, 156t3 + 1/t3)
P10 = (41, 156t3 + 1/t3)
P11 = (99t2 + 74 + 126/t2, 121t3 + 42t + 124/t + 36/t3)
P12 = (89t2 + 103 + 99/t2, 121t3 + 42t + 124/t + 36/t3)
P13 = (145t2 + 115 + 156/t2, 142t2 + 153 + 38/t2)
P14 = (13t2 + 124 + 145/t2, 142t2 + 153 + 38/t2)
P15 = (147t2 + 86t + 75 + 67/t + 130/t2 ,
147t3 + 123t2 + 73t + 110 + 66/t + 128/t2 + 10/t3)
P16 = (37t2 + 90t + 115 + 19/t + 147/t2 ,
147t3 + 123t2 + 73t + 110 + 66/t + 128/t2 + 10/t3) .
(3.100)
The Gram matrix of G(0)6,p +G(1)6,p is the Gram matrix of these 16 points and the determinant
is 2434. By [U2, Corollary 2], we know that the determinant of F6 is 2434. So we have
F6,p = G(0)6,p + G(1)6,p .(3.101)
By the theory of rational elliptic surfaces ([OS]), we know that
G(6)(k(s)) ∼= G(6)(F157(s)) .(3.102)
As sublattices of F6 ∼= F6,p, we have
G
(0)
6 + G(1)6 ∼= G(0)6,p + G(1)6,p .(3.103)
q.e.d.
For minimal sections, we treat in subsection 4.3.
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4. The Gram matrix, the determinant and the minimal sections of Lm
4.1. The sum of two sublattices
For the direct sum of two lattices, we can calculate the pairings easily. When the sum
is not a direct sum, it is more complicated.
Let A and B be sublattices of some lattice and let C = A ∩ B. We assume that A and
B satisfy the following two conditions:
A and B have bases which include a basis of C(4.1)
(C⊥ in A) ⊗ Q and (C⊥ in B) ⊗ Q are orthogonal .(4.2)
If C is a primitive sublattice of A and B, then A and B satisfy (4.1). When A and B satisfy
(4.1) and (4.2), we can calculate the pairings as follows.
Let
P1, . . . , Pl(4.3)
be a basis of C and let
Q1, . . . ,Qm−l , P1, . . . , Pl(4.4)
and
P1, . . . , Pl, R1, . . . , Rn−l(4.5)
be bases of A and B respectively. Then
Q1, . . . ,Qm−l , P1, . . . , Pl , R1, . . . , Rn−l(4.6)
is a basis of A + B. We can write
Qi = ai1P1 + · · · ailPl + Q′i ai1, . . . , ail ∈ Q, Q′i ∈ (C⊥ in A) ⊗ Q .(4.7)
Then we have
〈Qi, Pk〉 = ai1〈P1, Pk〉 + · · · + ail〈Pl, Pk〉(4.8)
and
(〈Qi, P1〉 · · · 〈Qi, Pl〉) = (ai1 · · · ail)Gc .(4.9)
Here Gc is the Gram matrix of C with respect to the basis (4.3). So we have
(ai1 · · · ail) = (〈Qi, P1〉 · · · 〈Qi, Pl〉)G−1c .(4.10)
Similarly, we can write
Rj = bj1P1 + · · · bjlPl + R′j bj1, . . . , bjl ∈ Q , R′j ∈ (C⊥ in B) ⊗ Q(4.11)
and we have
(bj1 · · · bjl) = (〈Rj , P1〉 · · · 〈Rj , Pl〉)G−1c(4.12)
Then the pairing of Qi and Rj can be calculated by
〈Qi,Rj 〉= (ai1 · · · ail) Gc t (bj1 · · · bjl)
= (〈Qi, P1〉 · · · 〈Qi, Pl〉) G−1c t (〈Rj , P1〉 · · · 〈Rj , Pl〉) .
(4.13)
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Here tM is the transposed matrix of M . If the Gram matrix of A with respect to the basis
(4.4) and the Gram matrix of B with respect to the basis (4.5) are given by
Ga =

 Haa Hac
tHac Gc

(4.14)
and
Gb =

 Gc Hbc
tHbc Hbb

(4.15)
respectively, then the Gram matrix of A + B with respect to the basis (4.6) is given by
G =


Haa Hac HacG
−1
c Hbc
tHac Gc Hbc
t(HacG
−1
c Hbc)
tHbc Hbb

 .(4.16)
The determinant is
detG= det


Haa − HacG−1c tHac O O
tHac Gc Hbc
t(HacG
−1
c Hbc)
tHbc Hbb


= det(Haa − HacG−1c tHac) · det Gb .
(4.17)
On the other hand
det Ga = det

 Haa Hac
tHac Gc


= det

 Haa − HacG
−1
c
tHac O
tHac Gc


= det(Haa − HacG−1c tHac) · det Gc .
(4.18)
By (4.17) and (4.18),
det(A + B) = det G = det Ga
det Gc
· detGb = detA · detBdetC .(4.19)
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4.2. The points for bases
In the following 5 subsections, we give the Gram matrices of L12, L18, L24 = L12(2)+
H4, L36 = L18(2) + L12(3) and L72 = L24(3) + L18(4).
If we define
L12,157 = E(12)(F157(t)) ,
L18,433 = E(18)(F433(t)) ,
H4,1753 = {(t4x(t3), t6y(t3) | (x(t), y(t)) ∈ F (4)(F1753(t))} ,
(4.20)
then we have
L12 ∼= L12,157 ((4.38)) ,
L18 ∼= L18,433 ((4.53)) ,
H4 ∼= H4,1753 (cf. (3.46),Theorem4) .
(4.21)
In L12,157, L18,433 and H4,1753, we can describe the points simply and calculate the
height pairings easily. But to give the Gram matrix of
L24 = L12(2) + H4 (L12(2) ∩ H4 = H2(2))(4.22)
by using (4.16), we have to get a common basis of the intersection sublattice H2(2) to the
two sublattices L12(2) and H4. Similarly for
L36 = L18(2) + L12(3) (L18(2) ∩ L12(3) = L6(6))(4.23)
and
L72 = L24(3) + L18(4) (L24(3) ∩ L18(4) = L6(12)) .(4.24)
For that reason, we define
B1 = (−t, 1) ∈ L3
B2 = (−t − α2, (1 + 2ω)(αt + 1)) ∈ L3
B3 = (αt, t3 + 1) ∈ L6
B ′3 = (−αt,−t3 + 1) ∈ L6 .
(4.25)
Here α is a cubic root of 2. For B = (x(t), y(t)) and a natural number a, we denote
B(a) = (x(ta), y(ta)) .(4.26)
Calculating the height pairings, we can show that
B2(2), ωB2(2), B˜2(2), ωB˜2(2), B3, ωB3, B ′3, ωB
′
3(4.27)
is a basis of L6 and that
B3(2), ωB3(2), B ′3(2), ωB ′3(2)(4.28)
is a basis of H2.
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So we can get common bases of the intersection sublattices to different prime fields
by fixing
ω = 12 , α = 62 ∈ F157
ω = 198 , α = 72 ∈ F433
ω = 182 , α = 218 ∈ F1753 .
(4.29)
We define
B4 = (20t + 67, t2 + 75t + 100) ∈ L4,157
B5 = (126t + 19, t2 + 98t + 57) ∈ L4,157
B6 = (156t4 + 124t2 + 156, 23t5 + 4t3 + 23t) ∈ H3,157
B7 = (145t4 + 48t2 + 145, 144t5 + 8t3 + 144t) ∈ H3,157
B8 = (432t3 + 229t2 + 417t + 211, 148t4 + 210t3 + 203t2 + 381t + 397) ∈ L9,433
B9 = (432t3 + 115t2 + 165t + 202, 221t4 + 121t3 + 340t2 + 390t + 148) ∈ L9,433
B10 = (432t3 + 275t2 + 125t + 71, 286t4 + 143t3 + 189t2 + 45t + 148) ∈ L9,433
B11 = (481t7 + 598t4 + 481t, t12 + 1224t9 + 1355t6 + 1224t3 + 1) ∈ H4,1753
B12 = (1415t7 + 1102t4 + 1415t, t12 + 306t9 + 414t6 + 306t3 + 1) ∈ H4,1753
(4.30)
to describe
a basis of L12,157 by B2, B3, B ′3, B4, B5, B6, B7 (see (4.43)) ,
a basis of L18,433 by B2, B3, B ′3, B8, B9, B10 (see (4.56)) ,
a basis of H4,1753 by B3, B ′3, B11, B12 (see (4.72)) .
L4,157,H3,157, L9,433 are similar to L12,157 or H4,1753. B8, B9, B10 are given by [U3, §5.1]
(using the isomorphism (5.4) in [U3]). B11, B12 correspond to P3, P5 in (3.42). B4, B5,
B6, B7 are given by similar way as B11, B12.
For simplicity, we denote L12,157,H4,1753 and so on by L12,H4 and so on in the
following subsections.
4.3. L12
For L12, we have the lattice structure in [U2, Corollary 2]. But in the same way as L24
or L60, we can describe L12 by more fundamental lattices.
In the same way as the proof of Lemma 6, we have the following lemma.
LEMMA 16. Let P ∈ L12. Then Pτ = −P if and only if P ∈ H3.
THEOREM 8. L12 = L6(2) + L4(3) + L˜4(3) + H3.
Proof. Let P ∈ L12. In the same way as the proof of Theorem 2, by Lemma 16, we
have
2P ∈ L6(2) + H3 .(4.31)
By [U3, Proposition 2], we have
3P ∈ L6(2) + L4(3) + L˜4(3) .(4.32)
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By (4.31) and (4.32), we have
P ∈ L6(2) + L4(3) + L˜4(3) + H3 .(4.33)
q.e.d.
By (4.27), if the equations
u3 − 1 = 0 and u3 − 2 = 0(4.34)
can be solved in Fp, then we have E(6)(Fp(t)) = E(6)(Fp(t)). E(4) is the (E6, q0)-model
in [S7]. In this case q0 = 1. We have the fundamental algebraic equation:
u3(u24 + 17280u12 − 110592) = 0 .(4.35)
The minimal prime number p such that the equations (4.34) and (4.35) can be solved in Fp
is 157. Since L6(2) + L4(3) + L˜4(3) is a finite index sublattice of L12, by [U2, Lemma
2.1], we have
E(12)(F157(t)) = E(12)(F157(t)) .(4.36)
According to Shioda∗, it is known that
L12 ∼= E(12)(F157(t)) .(4.37)
By (4.36) and (4.37),
L12 ∼= E(12)(F157(t)) .(4.38)
We say that 157 is a splitting prime number of E(12) (cf. [U2, §1]).
In F157, we let ω = 12, α = 62.
By (4.27),
B2(4), ωB2(4), B˜2(4), ωB˜2(4), B3(2), ωB3(2), B ′3(2), ωB ′3(2)(4.39)
is a basis of L6(2).
Calculating height pairings, we can show that
B˜1(4), ωB˜1(4), B4(3), ωB4(3), B5(3), ωB5(3)(4.40)
is a basis of L4(3),
B1(4), ωB1(4), B˜4(3), ωB˜4(3), B˜5(3), ωB˜5(3)(4.41)
is a basis of L˜4(3) and that
B6, ωB6, B7, ωB7, B
′
6, ωB
′
6, B
′
7, ωB
′
7(4.42)
is a basis of H3. Here B ′6 and B ′7 correspond to the points P ′ in (3.10).
By Theorem 8, we can show that
B6, B7, ωB4(3), B˜4(3), ωB˜4(3), ωB5(3), B˜5(3), ωB˜5(3)
B2(4), ωB2(4), B˜2(4), ωB˜2(4), B3(2), ωB3(2), B ′3(2), ωB ′3(2)
(4.43)
∗See the footnote before (3.38)
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is a basis of L12. The Gram matrix with respect to the basis (4.43) is

4 2 0 0 0 2 −1 2 0 0 0 0 0 0 0 0
2 4 1 1 1 1 −2 1 0 0 0 0 0 0 0 0
0 1 4 0 0 −2 0 0 0 0 −1 1 0 0 0 0
0 1 0 4 −2 0 −2 1 1 0 0 0 0 0 0 0
0 1 0 −2 4 0 1 −2 −1 1 0 0 0 0 0 0
2 1 −2 0 0 4 0 0 0 0 0 −1 0 0 0 0
−1 −2 0 −2 1 0 4 −2 −1 1 0 0 0 0 0 0
2 1 0 1 −2 0 −2 4 0 −1 0 0 0 0 0 0
0 0 0 1 −1 0 −1 0 4 −2 0 0 0 2 0 2
0 0 0 0 1 0 1 −1 −2 4 0 0 −2 0 −2 0
0 0 −1 0 0 0 0 0 0 0 4 −2 0 2 0 −2
0 0 1 0 0 −1 0 0 0 0 −2 4 −2 0 2 0
0 0 0 0 0 0 0 0 0 −2 0 −2 4 −2 0 0
0 0 0 0 0 0 0 0 2 0 2 0 −2 4 0 0
0 0 0 0 0 0 0 0 0 −2 0 2 0 0 4 −2
0 0 0 0 0 0 0 0 2 0 −2 0 0 0 −2 4


(4.44)
and the determinant is 2434.
We can also calculate the determinant by (4.19) as follows.
We have
L6(2) ∩ L4(3) = L2(6)(4.45)
and L2(6) is a primitive sublattice of L12 ([U1, Lemma 3.1]). By [U1, Remark], L6(2) and
L4(3) satisfy (4.2). So we can use (4.19).
Similarly,
(L6(2) + L4(3)) ∩ L˜4(3) = L˜2(6)(4.46)
is a primitive sublattice of L12, and L6(2) + L4(3) and L˜4(3) satisfy (4.2).
We have
(L6(2) + L4(3) + L˜4(3)) ∩ H3 = M˜2 ⊕ M2 ,(4.47)
where
M2 = {(x(t6)/t2, y(t6)/t3) | y(t)2 = x(t)3 + t3 + t} ∼= D∗4 (6) .(4.48)
M˜2 ⊕ M2 is a primitive sublattice of L12 ([U3, Lemma 6]). By Lemma 16, P ∈ L6(2) +
L4(3) + L˜4(3) can be written as
P = (P + Pτ )/2 + (P − Pτ )/2
(P − Pτ )/2 ∈ (M˜2 ⊕ M2) ⊗ Q
(P + Pτ )/2 ∈ ((M˜2 ⊕ M2)⊥ in L6(2) + L4(3) + L˜4(3)) ⊗ Q .
(4.49)
For Q ∈ H3, we have 〈(P +Pτ )/2,Q〉 = 0 by Lemma 16. So L6(2)+L4(3)+ L˜4(3) and
H3 satisfy (4.2).
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By (4.19),
detL12 = det(L6(2) + L4(3) + L˜4(3) + H3)
= det(L6(2) + L4(3) + L˜4(3)) · detH3
det(M˜2 ⊕ M2)
= det(L6(2) + L4(3)) · det L˜4(3)
det L˜2(6)
· detH3
det M˜2 · det M2
= detL6(2) · detL4(3)
detL2(6)
· det L˜4(3)
det L˜2(6)
· detH3
det M˜2 · detM2
= 2
8 · (1/3)36
(1/3)62
· (1/3)3
6
(1/3)62
· (3
4/42)28
(1/4)64 · (1/4)64 = 2
434 .
(4.50)
We know that the number of the minimal sections of L12 is 1848 ([U2, Corollary 2]).
The minimal sections are as follows.
For the sublattices corresponding to the sublattices G(i)6 (i = 0, 1, 2, 3, 4, 5) of F6, we
use the same notation.
There are 240 minimal sections in each G(i)6 ∼= E8(2) (i = 0, 1, 2, 3, 4, 5). There are
24 minimal sections in each G(i)6 ∩ G(i+3)6 ∼= D∗4 (4) (i = 0, 1, 2). There are 6 minimal
sections in each G(i)6 ∩G(i+2)6 ∩G(i+4)6 ∼= A∗2(6) (i = 0, 1). So we have 240·6−24·3−6·4 =
1344 minimal sections in G =⋃5i=0 G(i)6 .
On the other hand, L6(2)+L4(3)+ L˜4(3) has 240 + 54 + 54 − 6 − 6 = 336 minimal
sections and 120 of them are in G.
For each minimal section P ∈ G(0)3 (2) ∼= D∗4(4), there are 6 minimal sections Q ∈
L4(3) such that R = P + Q is a minimal section. Here
G
(0)
3 (2) = {(t2x(t2 + 1/t2), t3y(t2 + 1/t2)) | (x(s), y(s)) ∈ G(3)(k(s))}(4.51)
is a sublattice of H3. Then R and R˜ give 24 · 6 · 2 = 288 minimal sections. They are
mutually different and not in G ∪ (L6(2) + L4(3) + L˜4(3)).
So we have 1344 + 336 − 120 + 288 = 1848 minimal sections.
4.4. L18
By [U3, Theorem 1],
L18 = L9(2) + L˜9(2) + L6(3) .(4.52)
We know that
L18 ∼= E(18)(F433(t))(4.53)
(cf. [U2, Proposition 5], [U3, (5.3)]). We say that 433 is a splitting prime number of E(18)
(cf. [U2, §1]).
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In F433, we let ω = 198, α = 72. By (4.27),
B2(6), ωB2(6), B˜2(6), ωB˜2(6), B3(3), ωB3(3), B ′3(3), ωB ′3(3)(4.54)
is a basis of L6(3).
By [U2, Theorem 2](using the isomorphism (5.4) in [U3]),
B1(3), ωB1(3), B2(3), ωB2(3), B8, ωB8, B9, ωB9, B10, ωB10(4.55)
is a basis of L9.
By (4.52), we can show that
B2(6), ωB2(6), B˜2(6), ωB˜2(6), B3(3), ωB3(3), B ′3(3), ωB ′3(3),
B8(2), ωB8(2), B9(2), ωB9(2), B10(2), ωB10(2),
B˜8(2), ωB˜8(2), B˜9(2), ωB˜9(2), B˜10(2), ωB˜10(2)
(4.56)
is a basis of L18. The Gram matrix with respect to the basis (4.56) is


6 −3 0 0 0 3 0 3 −2 1 −2 1 2 −1 0 0 0 0 0 0
−3 6 0 0 −3 0 −3 0 1 −2 1 −2 −1 2 0 0 0 0 0 0
0 0 6 −3 0 3 0 −3 0 0 0 0 0 0 −2 1 −2 1 2 −1
0 0 −3 6 −3 0 3 0 0 0 0 0 0 0 1 −2 1 −2 −1 2
0 −3 0 −3 6 −3 0 0 0 0 1 1 1 −2 0 0 1 1 1 −2
3 0 3 0 −3 6 0 0 0 0 −2 1 1 1 0 0 −2 1 1 1
0 −3 0 3 0 0 6 −3 0 0 1 1 1 −2 0 0 −1 −1 −1 2
3 0 −3 0 0 0 −3 6 0 0 −2 1 1 1 0 0 2 −1 −1 −1
−2 1 0 0 0 0 0 0 6 −3 0 −1 2 1 0 0 0 0 0 0
1 −2 0 0 0 0 0 0 −3 6 1 0 −3 2 0 0 0 0 0 0
−2 1 0 0 1 −2 1 −2 0 1 6 −3 0 1 0 0 0 0 0 0
1 −2 0 0 1 1 1 1 −1 0 −3 6 −1 0 0 0 0 0 0 0
2 −1 0 0 1 1 1 1 2 −3 0 −1 6 −3 0 0 0 0 0 0
−1 2 0 0 −2 1 −2 1 1 2 1 0 −3 6 0 0 0 0 0 0
0 0 −2 1 0 0 0 0 0 0 0 0 0 0 6 −3 0 −1 2 1
0 0 1 −2 0 0 0 0 0 0 0 0 0 0 −3 6 1 0 −3 2
0 0 −2 1 1 −2 −1 2 0 0 0 0 0 0 0 1 6 −3 0 1
0 0 1 −2 1 1 −1 −1 0 0 0 0 0 0 −1 0 −3 6 −1 0
0 0 2 −1 1 1 −1 −1 0 0 0 0 0 0 2 −3 0 −1 6 −3
0 0 −1 2 −2 1 2 −1 0 0 0 0 0 0 1 2 1 0 −3 6


(4.57)
and the determinant is 212310.
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In the same way as L12, we can also calculate the determinant by (4.19).
detL18= det(L9(2) + L˜9(2) + L6(3))
= det(L9(2) + L6(3)) · detL˜9(2)
detL˜3(6)
= detL9(2) · detL6(3)
detL3(6)
· detL˜9(2)
detL˜3(6)
= (3
5/4)210 · 38
(1/4)64
· (3
5/4)210
(1/4)64
= 212310 .
(4.58)
For the number of minimal sections of L18, we did not prove in [U3, Corollary 1] that
there is no other minimal section than that of L9(2), L˜9(2) and L6(3). Now we prove the
following Proposition.
PROPOSITION 3. L18 has 672 minimal sections of norm 6 and the determinant is
212310.
Proof. P ∈ L9(2) and Q ∈ L6(3) can be written as
P = P0 + P1 , Q = Q0 + Q1 ,(4.59)
where
P0,Q0 ∈ L3(6) ⊗ Q ,
P1 ∈ (L3(6)⊥ in L9(2)) ⊗ Q ,
Q1 ∈ (L3(6)⊥ in L6(3)) ⊗ Q .
(4.60)
We have
P0 = (P + Pσ + Pσ 2)/3 and P1 = (2P − Pσ − Pσ 2)/3 .(4.61)
The covering radius of D∗4 is 1/
√
2 and P0 is not a deep hole (see [CS, Ch. 4 §7]). So there
exists R ∈ L3(6) ∼= D∗4 (6) such that
〈P0 + R,P0 + R〉 < (1/
√
2)2 · 6 = 3 .(4.62)
If P /∈ L3(6), then P + R = O and
6 ≤ 〈P + R,P + R〉 = 〈P0 + R,P0 + R〉 + 〈P1, P1〉 .(4.63)
So we have
〈P1, P1〉 > 6 − 3 = 3 .(4.64)
On the other hand, Q0 may be a deep hole. So there exists S ∈ L3(6) such that
〈Q0 + S,Q0 + S〉 ≤ 3 .(4.65)
If Q /∈ L3(6), then Q + S = O and
6 ≤ 〈Q + S,Q + S〉 = 〈Q0 + S,Q0 + S〉 + 〈Q1,Q1〉 .(4.66)
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So we have
〈Q1,Q1〉 ≥ 6 − 3 = 3 .(4.67)
By (4.64) and (4.67), if P, Q /∈ L3(6), then we have
〈P + Q,P + Q〉 ≥ 〈P1, P1〉 + 〈Q1,Q1〉 > 3 + 3 = 6 .(4.68)
So there is no other minimal section than that of L9(2) and L6(3) in the sublattice L9(2)+
L6(3). Since L9(2) and L˜9(2) are orthogonal and L9(2) + L6(3) ∼= L˜9(2) + L6(3), there
is no other minimal section than that of L9(2), L˜9(2) and L6(3). The number of minimal
sections of L18 is 240 + 240 + 240 − 24 − 24 = 672. q.e.d.
4.5. L24
By Theorem 1,
L24 = L12(2) + H4 , L12(2) ∩ H4 = H2(2) .(4.69)
By (4.28),
B3(4), ωB3(4), B ′3(4), ωB ′3(4)(4.70)
is a basis of H2(2). These points correspond to P1, P2, P7, P8 in (3.42), (3.43).
By (4.43),
B6(2), B7(2), ωB4(6), B˜4(6), ωB˜4(6), ωB5(6), B˜5(6), ωB˜5(6) ,
B2(8), ωB2(8), B˜2(8), ωB˜2(8) ,
B3(4), ωB3(4), B ′3(4), ωB
′
3(4)
(4.71)
is a basis of L12(2).
By (3.42) and (3.43)
B3(4), ωB3(4), B ′3(4), ωB ′3(4) ,
B11, ωB11, B
′
11, ωB
′
11, B12, ωB12, B
′
12, ωB
′
12
(4.72)
is a basis of H4. Here B ′11 and B ′12 correspond to the points P ′ in (3.30). By (3.32), the
Gram matrix with respect to the basis (4.72) in this order is


8 −4 0 0 2 −4 0 0 2 −4 0 0
−4 8 0 0 2 2 0 0 2 2 0 0
0 0 8 −4 0 0 2 −4 0 0 2 −4
0 0 −4 8 0 0 2 2 0 0 2 2
2 2 0 0 8 −4 0 −3 2 2 0 0
−4 2 0 0 −4 8 3 0 −4 2 0 0
0 0 2 2 0 3 8 −4 0 0 2 2
0 0 −4 2 −3 0 −4 8 0 0 −4 2
2 2 0 0 2 −4 0 0 8 −4 0 3
−4 2 0 0 2 2 0 0 −4 8 −3 0
0 0 2 2 0 0 2 −4 0 −3 8 −4
0 0 −4 2 0 0 2 2 3 0 −4 8


(4.73)
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By (4.70),(4.71) and (4.72),
B6(2), B7(2), ωB4(6), B˜4(6), ωB˜4(6), ωB5(6), B˜5(6), ωB˜5(6) ,
B2(8), ωB2(8), B˜2(8), ωB˜2(8) ,
B3(4), ωB3(4), B ′3(4), ωB ′3(4) ,
B11, ωB11, B ′11, ωB ′11, B12, ωB12, B ′12, ωB ′12
(4.74)
is a basis of L24.
Q ∈ H4 can be written as
Q = (Q + Qτ)/2 + (Q − Qτ )/2
(Q + Qτ )/2 ∈ H2(2) ⊗ Q
(Q − Qτ )/2 ∈ (H2(2)⊥ in H4) ⊗ Q .
(4.75)
For P ∈ L12(2), we have 〈P, (Q − Qτ)/2〉 = 0. So L12(2) and H4 satisfy (4.2).
By (4.44), (4.73) and (4.16), the Gram matrix with respect to the basis (4.74) is

8 4 0 0 0 4 −2 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 8 2 2 2 2 −4 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2 8 0 0 −4 0 0 0 0 −2 2 0 0 0 0 0 0 0 0 0 0 0 0
0 2 0 8 −4 0 −4 2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2 0 −4 8 0 2 −4 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 2 −4 0 0 8 0 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0 0
−2 −4 0 −4 2 0 8 −4 −2 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 2 0 2 −4 0 −4 8 0 −2 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 2 −2 0 −2 0 8 −4 0 0 0 4 0 4 2 0 2 0 2 0 2 0
0 0 0 0 2 0 2 −2 −4 8 0 0 −4 0 −4 0 −2 2 −2 2 −2 2 −2 2
0 0 −2 0 0 0 0 0 0 0 8 −4 0 4 0 −4 2 0 −2 0 2 0 −2 0
0 0 2 0 0 −2 0 0 0 0 −4 8 −4 0 4 0 −2 2 2 −2 −2 2 2 −2
0 0 0 0 0 0 0 0 0 −4 0 −4 8 −4 0 0 2 −4 0 0 2 −4 0 0
0 0 0 0 0 0 0 0 4 0 4 0 −4 8 0 0 2 2 0 0 2 2 0 0
0 0 0 0 0 0 0 0 0 −4 0 4 0 0 8 −4 0 0 2 −4 0 0 2 −4
0 0 0 0 0 0 0 0 4 0 −4 0 0 0 −4 8 0 0 2 2 0 0 2 2
0 0 0 0 0 0 0 0 2 −2 2 −2 2 2 0 0 8 −4 0 −3 2 2 0 0
0 0 0 0 0 0 0 0 0 2 0 2 −4 2 0 0 −4 8 3 0 −4 2 0 0
0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 2 2 0 3 8 −4 0 0 2 2
0 0 0 0 0 0 0 0 0 2 0 −2 0 0 −4 2 −3 0 −4 8 0 0 −4 2
0 0 0 0 0 0 0 0 2 −2 2 −2 2 2 0 0 2 −4 0 0 8 −4 0 3
0 0 0 0 0 0 0 0 0 2 0 2 −4 2 0 0 2 2 0 0 −4 8 −3 0
0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 2 2 0 0 2 −4 0 −3 8 −4
0 0 0 0 0 0 0 0 0 2 0 −2 0 0 −4 2 0 0 2 2 3 0 −4 8


(4.76)
and the determinant is 220312.
We can also calculate the determinant by (4.19).
det L24 = detL12(2) · det H4detH2(2) =
2434 · 216 · (44/32) · 312
(24/32) · 64 = 2
20312 .(4.77)
For the minimal sections, we have the following lemma.
LEMMA 17. Let P ∈ H4. If 〈P,P 〉 = 8, then 〈P,P τ 〉 = −4.
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Proof. The minimal sections of G(4) : y2 = x3 + s4 − 4s2 + 2 are of the form:
(x, y) = (as + b, cs2 + ds + e) .(4.78)
So
(a(t + 1/t) + b, c(t + 1/t)2 + d(t + 1/t) + e)(4.79)
are the minimal sections of F4. By Corollary 3 in subsection 3.2, all the minimal sections
of F4 are of the form:
((−1)i(a(ζ i8t + 1/ζ i8t) + b) , ζ 2i8 (c(ζ i8t + 1/ζ i8t)2 + d(ζ i8t + 1/ζ i8t) + e))(4.80)
(i = 0, 1, 2, 3) .
So all the minimal sections of H4 are of the form:
P = (x1(t), y1(t))
x1(t) = (−1)it4(a(ζ i8t3 + 1/ζ i8t3) + b)
y1(t) = ζ 2i8 t6(c(ζ i8t3 + 1/ζ i8t3)2 + d(ζ i8t3 + 1/ζ i8t3) + e) .
(4.81)
Then we have
Pτ = (x2(t), y2(t))
x2(t) = (−1)it4(−a(ζ i8t3 + 1/ζ i8t3) + b)
y2(t) = ζ 2i8 t6(c(ζ i8t3 + 1/ζ i8t3)2 − d(ζ i8t3 + 1/ζ i8t3) + e)
(4.82)
and
x1(t) − x2(t) = 2aζ 5i8 (t7 + ζ 6i8 t)
y1(t) − y2(t) = 2dζ 3i8 t2(t7 + ζ 6i8 t) .
(4.83)
So the section (P ) and the section (P τ ) intersect at t of the roots of t7 + ζ 6i8 t = 0 and
t = ∞. Then the intersection number (P · Pτ ) of (P ) and (P τ ) is 8. By (1.16), we have
〈P,P τ 〉 = 4 − (P · Pτ ) = 4 − 8 = −4 .(4.84)
q.e.d.
PROPOSITION 4. L24 has 2040 minimal sections of norm 8 and the determinant is
220312.
Proof. We have
L12(2) ∩ H4 = H2(2) .(4.85)
P ∈ L12(2) and Q ∈ H4 can be written as
P = P0 + P1 , Q = Q0 + Q1 ,(4.86)
where
P0,Q0 ∈ H2(2) ⊗ Q ,
P1 ∈ (H2(2)⊥ in L12(2)) ⊗ Q ,
Q1 ∈ (H2(2)⊥ in H4) ⊗ Q .
(4.87)
On the Mordell-Weil Lattice of the Elliptic Curve y2 = x3 + tm + 1. IV 57
We have
Q0 = (Q + Qτ )/2 and Q1 = (Q − Qτ)/2 .(4.88)
By (3.4),
H2(2) ∼= F2(6) ∼= A∗2(12) ⊕ A∗2(12) .(4.89)
The covering radius of A∗2 is
√
2/3 (see [CS, Ch. 4 §6]). So there exists R ∈ H2(2) such
that
〈P0 + R,P0 + R〉 ≤ (
√
2/3)2 · 12 + (√2/3)2 · 12 = 16/3 .(4.90)
If P /∈ H2(2), then P + R = O and
8 ≤ 〈P + R,P + R〉 = 〈P0 + R,P0 + R〉 + 〈P1, P1〉 .(4.91)
So we have
〈P1, P1〉 ≥ 8 − 16/3 = 8/3 .(4.92)
Q0 satisfies 2Q0 ∈ H2(2). There exists S ∈ H2(2) such that
〈Q0 + S,Q0 + S〉 ≤ (
√
2/3)2 · (√3/2)2 · 12 + (√2/3)2 · (√3/2)2 · 12 = 4 .(4.93)
If 〈Q + S,Q + S〉 = 8, by Lemma 17, we have
〈Q1,Q1〉= 〈(Q − Qτ)/2, (Q − Qτ )/2〉
= 〈(Q + S − (Q + S)τ )/2, (Q + S − (Q + S)τ )/2〉
= (〈Q + S,Q + S〉 − 〈Q + S, (Q + S)τ 〉)/2
= (8 − (−4))/2 = 6 .
(4.94)
If 〈Q + S,Q + S〉 ≥ 10, since
10 ≤ 〈Q + S,Q + S〉 = 〈Q0 + S,Q0 + S〉 + 〈Q1,Q1〉 ,(4.95)
we have
〈Q1,Q1〉 ≥ 10 − 4 = 6 .(4.96)
By (4.92), (4.94) and (4.96), we have
〈P + Q,P + Q〉 ≥ 〈P1, P1〉 + 〈Q1,Q1〉 ≥ 8/3 + 6 > 8 .(4.97)
So there is no other minimal section than that of L12(2) and H4. The number of minimal
sections of L24 is 1848 + 204 − 12 = 2040. q.e.d.
4.6. L36
By [U1, Theorem 2], we know that
L36 = L18(2) + L12(3) , L18(2) ∩ L12(3) = L6(6) .(4.98)
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By (4.43) and (4.56),
B6(3), B7(3), ωB4(9), B˜4(9), ωB˜4(9) , ωB5(9), B˜5(9), ωB˜5(9) ,
B2(12), ωB2(12), B˜2(12), ωB˜2(12), B3(6), ωB3(6), B ′3(6), ωB ′3(6) ,
B8(4), ωB8(4), B9(4), ωB9(4), B10(4), ωB10(4) ,
B˜8(4), ωB˜8(4), B˜9(4), ωB˜9(4), B˜10(4), ωB˜10(4)
(4.99)
is a basis of L36. By [U1, Remark], L18(2) and L12(3) satisfy (4.2).
By (4.44), (4.57) and (4.16), the Gram matrix with respect to the basis (4.99) is

12 6 0 0 0 6 −3 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
6 12 3 3 3 3 −6 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 3 12 0 0 −6 0 0 0 0 −3 3 0 0 0 0 0 0 0 0 0 0 3 −3 1 1 1 1
0 3 0 12 −6 0 −6 3 3 0 0 0 0 0 0 0 −3 0 1 −2 1 −2 0 0 0 0 0 0
0 3 0 −6 12 0 3 −6 −3 3 0 0 0 0 0 0 3 −3 1 1 1 1 0 0 0 0 0 0
6 3 −6 0 0 12 0 0 0 0 0 −3 0 0 0 0 0 0 0 0 0 0 0 3 −2 1 −2 1
−3 −6 0 −6 3 0 12 −6 −3 3 0 0 0 0 0 0 3 −3 1 1 1 1 0 0 0 0 0 0
6 3 0 3 −6 0 −6 12 0 −3 0 0 0 0 0 0 0 3 −2 1 −2 1 0 0 0 0 0 0
0 0 0 3 −3 0 −3 0 12 −6 0 0 0 6 0 6 −4 2 −4 2 4 −2 0 0 0 0 0 0
0 0 0 0 3 0 3 −3 −6 12 0 0 −6 0 −6 0 2 −4 2 −4 −2 4 0 0 0 0 0 0
0 0 −3 0 0 0 0 0 0 0 12 −6 0 6 0 −6 0 0 0 0 0 0 −4 2 −4 2 4 −2
0 0 3 0 0 −3 0 0 0 0 −6 12 −6 0 6 0 0 0 0 0 0 0 2 −4 2 −4 −2 4
0 0 0 0 0 0 0 0 0 −6 0 −6 12 −6 0 0 0 0 2 2 2 −4 0 0 2 2 2 −4
0 0 0 0 0 0 0 0 6 0 6 0 −6 12 0 0 0 0 −4 2 2 2 0 0 −4 2 2 2
0 0 0 0 0 0 0 0 0 −6 0 6 0 0 12 −6 0 0 2 2 2 −4 0 0 −2 −2 −2 4
0 0 0 0 0 0 0 0 6 0 −6 0 0 0 −6 12 0 0 −4 2 2 2 0 0 4 −2 −2 −2
0 0 0 −3 3 0 3 0 −4 2 0 0 0 0 0 0 12 −6 0 −2 4 2 0 0 0 0 0 0
0 0 0 0 −3 0 −3 3 2 −4 0 0 0 0 0 0 −6 12 2 0 −6 4 0 0 0 0 0 0
0 0 0 1 1 0 1 −2 −4 2 0 0 2 −4 2 −4 0 2 12 −6 0 2 0 0 0 0 0 0
0 0 0 −2 1 0 1 1 2 −4 0 0 2 2 2 2 −2 0 −6 12 −2 0 0 0 0 0 0 0
0 0 0 1 1 0 1 −2 4 −2 0 0 2 2 2 2 4 −6 0 −2 12 −6 0 0 0 0 0 0
0 0 0 −2 1 0 1 1 −2 4 0 0 −4 2 −4 2 2 4 2 0 −6 12 0 0 0 0 0 0
0 0 3 0 0 0 0 0 0 0 −4 2 0 0 0 0 0 0 0 0 0 0 12 −6 0 −2 4 2
0 0 −3 0 0 3 0 0 0 0 2 −4 0 0 0 0 0 0 0 0 0 0 −6 12 2 0 −6 4
0 0 1 0 0 −2 0 0 0 0 −4 2 2 −4 −2 4 0 0 0 0 0 0 0 2 12 −6 0 2
0 0 1 0 0 1 0 0 0 0 2 −4 2 2 −2 −2 0 0 0 0 0 0 −2 0 −6 12 −2 0
0 0 1 0 0 −2 0 0 0 0 4 −2 2 2 −2 −2 0 0 0 0 0 0 4 −6 0 −2 12 −6
0 0 1 0 0 1 0 0 0 0 −2 4 −4 2 4 −2 0 0 0 0 0 0 2 4 2 0 −6 12


(4.100)
and the determinant is 228322.
We can also calculate the determinant by (4.19).
detL36 = det(L18(2) + L12(3)) = detL18(2) · det L12(3)det L6(6)
= 2
12310220 · 2434316
68
= 228322 .
(4.101)
PROPOSITION 5. L36 has 2280 minimal sections of norm 12 and the determinant is
228322.
Proof. P ∈ L18(2) and Q ∈ L12(3) can be written as
P = P0 + P1 , Q = Q0 + Q1 ,(4.102)
where
P0,Q0 ∈ L6(6) ⊗ Q ,
P1 ∈ (L6(6)⊥ in L18(2)) ⊗ Q ,
Q1 ∈ (L6(6)⊥ in L12(3)) ⊗ Q .
(4.103)
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We have
P0 = (P + Pσ + Pσ 2)/3 and P1 = (2P − Pσ − Pσ 2)/3 .(4.104)
The covering radius of E8 is 1 and P0 is not a deep hole (see [CS, Ch. 4 §8]). So there
exists R ∈ L6(6) such that
〈P0 + R,P0 + R〉 < 6 .(4.105)
If P /∈ L6(6), then P + R = O and
12 ≤ 〈P + R,P + R〉 = 〈P0 + R,P0 + R〉 + 〈P1, P1〉 .(4.106)
So we have
〈P1, P1〉 > 12 − 6 = 6 .(4.107)
On the other hand, Q0 may be a deep hole. So there exists S ∈ L6(6) such that
〈Q0 + S,Q0 + S〉 ≤ 6 .(4.108)
If Q /∈ L6(6), then Q + S = O and
12 ≤ 〈Q + S,Q + S〉 = 〈Q0 + S,Q0 + S〉 + 〈Q1,Q1〉 .(4.109)
So we have
〈Q1,Q1〉 ≥ 12 − 6 = 6 .(4.110)
By (4.107) and (4.110), we have
〈P + Q,P + Q〉 ≥ 〈P1, P1〉 + 〈Q1,Q1〉 > 6 + 6 = 12 .(4.111)
So there is no other minimal section than that of L18(2) and L12(3). The number of minimal
sections of L36 is 672 + 1848 − 240 = 2280. q.e.d.
4.7. L72
By [U1, Theorem 2], we know that
L72 = L24(3) + L18(4) , L24(3) ∩ L18(4) = L6(12) .(4.112)
By (4.76), the Gram matrix of L24 with respect to the basis
B11, ωB11, B ′11, ωB ′11, B12, ωB12, B ′12, ωB ′12 ,
B6(2), B7(2), ωB4(6), B˜4(6), ωB˜4(6), ωB5(6), B˜5(6), ωB˜5(6) ,
B2(8), ωB2(8), B˜2(8), ωB˜2(8), B3(4), ωB3(4), B ′3(4), ωB ′3(4)
(4.113)
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in this order is

8 −4 0 −3 2 2 0 0 0 0 0 0 0 0 0 0 2 −2 2 −2 2 2 0 0
−4 8 3 0 −4 2 0 0 0 0 0 0 0 0 0 0 0 2 0 2 −4 2 0 0
0 3 8 −4 0 0 2 2 0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 2 2
−3 0 −4 8 0 0 −4 2 0 0 0 0 0 0 0 0 0 2 0 −2 0 0 −4 2
2 −4 0 0 8 −4 0 3 0 0 0 0 0 0 0 0 2 −2 2 −2 2 2 0 0
2 2 0 0 −4 8 −3 0 0 0 0 0 0 0 0 0 0 2 0 2 −4 2 0 0
0 0 2 −4 0 −3 8 −4 0 0 0 0 0 0 0 0 2 −2 −2 2 0 0 2 2
0 0 2 2 3 0 −4 8 0 0 0 0 0 0 0 0 0 2 0 −2 0 0 −4 2
0 0 0 0 0 0 0 0 8 4 0 0 0 4 −2 4 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 4 8 2 2 2 2 −4 2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 2 8 0 0 −4 0 0 0 0 −2 2 0 0 0 0
0 0 0 0 0 0 0 0 0 2 0 8 −4 0 −4 2 2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 2 0 −4 8 0 2 −4 −2 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 4 2 −4 0 0 8 0 0 0 0 0 −2 0 0 0 0
0 0 0 0 0 0 0 0 −2 −4 0 −4 2 0 8 −4 −2 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 4 2 0 2 −4 0 −4 8 0 −2 0 0 0 0 0 0
2 0 2 0 2 0 2 0 0 0 0 2 −2 0 −2 0 8 −4 0 0 0 4 0 4
−2 2 −2 2 −2 2 −2 2 0 0 0 0 2 0 2 −2 −4 8 0 0 −4 0 −4 0
2 0 −2 0 2 0 −2 0 0 0 −2 0 0 0 0 0 0 0 8 −4 0 4 0 −4
−2 2 2 −2 −2 2 2 −2 0 0 2 0 0 −2 0 0 0 0 −4 8 −4 0 4 0
2 −4 0 0 2 −4 0 0 0 0 0 0 0 0 0 0 0 −4 0 −4 8 −4 0 0
2 2 0 0 2 2 0 0 0 0 0 0 0 0 0 0 4 0 4 0 −4 8 0 0
0 0 2 −4 0 0 2 −4 0 0 0 0 0 0 0 0 0 −4 0 4 0 0 8 −4
0 0 2 2 0 0 2 2 0 0 0 0 0 0 0 0 4 0 −4 0 0 0 −4 8


(4.114)
By (4.113) and (4.56),
B11(3), ωB11(3), B ′11(3), ωB ′11(3), B12(3), ωB12(3), B ′12(3), ωB ′12(3),
B6(6), B7(6), ωB4(18), B˜4(18), ωB˜4(18), ωB5(18), B˜5(18), ωB˜5(18),
B2(24), ωB2(24), B˜2(24), ωB˜2(24), B3(12), ωB3(12), B ′3(12), ωB
′
3(12),
B8(8), ωB8(8), B9(8), ωB9(8), B10(8), ωB10(8),
B˜8(8), ωB˜8(8), B˜9(8), ωB˜9(8), B˜10(8), ωB˜10(8)
(4.115)
is a basis of L72. By [U1, Remark], L24(3) and L18(4) satisfy (4.2).
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By (4.114), (4.57) and (4.16), the Gram matrix with respect to the basis (4.115) is


24−12 0 −9 6 6 0 0 0 0 0 0 0 0 0 0 6 −6 6 −6 6 6 0 0 0 0 −2 4 4 −2 0 0 −2 4 4 −2
−12 24 9 0 −12 6 0 0 0 0 0 0 0 0 0 0 0 6 0 6−12 6 0 0 0 0 −2 −2 −2 4 0 0 −2 −2 −2 4
0 9 24 −12 0 0 6 6 0 0 0 0 0 0 0 0 6 −6 −6 6 0 0 6 6 0 0 −2 4 4 −2 0 0 2 −4 −4 2
−9 0−12 24 0 0−12 6 0 0 0 0 0 0 0 0 0 6 0 −6 0 0−12 6 0 0 −2 −2 −2 4 0 0 2 2 2 −4
6−12 0 0 24−12 0 9 0 0 0 0 0 0 0 0 6 −6 6 −6 6 6 0 0 0 0 −2 4 4 −2 0 0 −2 4 4 −2
6 6 0 0 −12 24 −9 0 0 0 0 0 0 0 0 0 0 6 0 6−12 6 0 0 0 0 −2 −2 −2 4 0 0 −2 −2 −2 4
0 0 6 −12 0 −9 24−12 0 0 0 0 0 0 0 0 6 −6 −6 6 0 0 6 6 0 0 −2 4 4 −2 0 0 2 −4 −4 2
0 0 6 6 9 0−12 24 0 0 0 0 0 0 0 0 0 6 0 −6 0 0−12 6 0 0 −2 −2 −2 4 0 0 2 2 2 −4
0 0 0 0 0 0 0 0 24 12 0 0 0 12 −6 12 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 12 24 6 6 6 6−12 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 6 24 0 0 −12 0 0 0 0 −6 6 0 0 0 0 0 0 0 0 0 0 6 −6 2 2 2 2
0 0 0 0 0 0 0 0 0 6 0 24−12 0−12 6 6 0 0 0 0 0 0 0 −6 0 2 −4 2 −4 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 6 0−12 24 0 6−12 −6 6 0 0 0 0 0 0 6 −6 2 2 2 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 12 6−12 0 0 24 0 0 0 0 0 −6 0 0 0 0 0 0 0 0 0 0 0 6 −4 2 −4 2
0 0 0 0 0 0 0 0 −6−12 0−12 6 0 24−12 −6 6 0 0 0 0 0 0 6 −6 2 2 2 2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 12 6 0 6−12 0−12 24 0 −6 0 0 0 0 0 0 0 6 −4 2 −4 2 0 0 0 0 0 0
6 0 6 0 6 0 6 0 0 0 0 6 −6 0 −6 0 24−12 0 0 0 12 0 12 −8 4 −8 4 8 −4 0 0 0 0 0 0
−6 6 −6 6 −6 6 −6 6 0 0 0 0 6 0 6 −6−12 24 0 0−12 0−12 0 4 −8 4 −8 −4 8 0 0 0 0 0 0
6 0 −6 0 6 0 −6 0 0 0 −6 0 0 0 0 0 0 0 24−12 0 12 0 −12 0 0 0 0 0 0 −8 4 −8 4 8 −4
−6 6 6 −6 −6 6 6 −6 0 0 6 0 0 −6 0 0 0 0 −12 24−12 0 12 0 0 0 0 0 0 0 4 −8 4 −8 −4 8
6−12 0 0 6−12 0 0 0 0 0 0 0 0 0 0 0−12 0−12 24−12 0 0 0 0 4 4 4 −8 0 0 4 4 4 −8
6 6 0 0 6 6 0 0 0 0 0 0 0 0 0 0 12 0 12 0−12 24 0 0 0 0 −8 4 4 4 0 0 −8 4 4 4
0 0 6 −12 0 0 6−12 0 0 0 0 0 0 0 0 0−12 0 12 0 0 24 −12 0 0 4 4 4 −8 0 0 −4 −4 −4 8
0 0 6 6 0 0 6 6 0 0 0 0 0 0 0 0 12 0 −12 0 0 0−12 24 0 0 −8 4 4 4 0 0 8 −4 −4 −4
0 0 0 0 0 0 0 0 0 0 0 −6 6 0 6 0 −8 4 0 0 0 0 0 0 24−12 0 −4 8 4 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −6 0 −6 6 4 −8 0 0 0 0 0 0−12 24 4 0 −12 8 0 0 0 0 0 0
−2 −2 −2 −2 −2 −2 −2 −2 0 0 0 2 2 0 2 −4 −8 4 0 0 4 −8 4 −8 0 4 24−12 0 4 0 0 0 0 0 0
4 −2 4 −2 4 −2 4 −2 0 0 0 −4 2 0 2 2 4 −8 0 0 4 4 4 4 −4 0−12 24 −4 0 0 0 0 0 0 0
4 −2 4 −2 4 −2 4 −2 0 0 0 2 2 0 2 −4 8 −4 0 0 4 4 4 4 8−12 0 −4 24−12 0 0 0 0 0 0
−2 4 −2 4 −2 4 −2 4 0 0 0 −4 2 0 2 2 −4 8 0 0 −8 4 −8 4 4 8 4 0 −12 24 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 −8 4 0 0 0 0 0 0 0 0 0 0 24−12 0 −4 8 4
0 0 0 0 0 0 0 0 0 0 −6 0 0 6 0 0 0 0 4 −8 0 0 0 0 0 0 0 0 0 0−12 24 4 0−12 8
−2 −2 2 2 −2 −2 2 2 0 0 2 0 0 −4 0 0 0 0 −8 4 4 −8 −4 8 0 0 0 0 0 0 0 4 24 −12 0 4
4 −2 −4 2 4 −2 −4 2 0 0 2 0 0 2 0 0 0 0 4 −8 4 4 −4 −4 0 0 0 0 0 0 −4 0−12 24 −4 0
4 −2 −4 2 4 −2 −4 2 0 0 2 0 0 −4 0 0 0 0 8 −4 4 4 −4 −4 0 0 0 0 0 0 8−12 0 −4 24−12
−2 4 2 −4 −2 4 2 −4 0 0 2 0 0 2 0 0 0 0 −4 8 −8 4 8 −4 0 0 0 0 0 0 4 8 4 0−12 24


(4.116)
and the determinant is 256338.
We can also calculate the determinant by (4.19).
detL72 = det(L24(3) + L18(4)) = det L24(3) · detL18(4)detL6(12)
= 2
20312324 · 212310420
128
= 256338 .
(4.117)
PROPOSITION 6. L72 has 2472 minimal sections of norm 24 and the determinant is
256338.
Proof. In the same way as L36, we can show that there is no other minimal section
than that of L24(3) and L18(4). The number of minimal sections of L72 is 2040 + 672 −
240 = 2472. q.e.d.
4.8. L90, L120, L180, and L360
m = 90 By [U1, Theorem 2], we know that L90 = L30(3) + L18(5). So we have
L90 = L30(3) + L18(5)
= (L6(5) ⊕ L5(6) ⊕ L˜5(6))(3) + L18(5)
= (L6(15) ⊕ L5(18) ⊕ L˜5(18)) + L18(5)
= L18(5) ⊕ L5(18) ⊕ L˜5(18) .
(4.118)
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m = 120 By [U1, Theorem 2], we know that L120 = L60(2) + L24(5). So we have
L120 = L60(2) + L24(5)
= (L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5)(2) + L24(5)
= (L12(10) ⊕ L5(24) ⊕ L˜5(24) ⊕ H5(2)) + L24(5)
= L24(5) ⊕ L5(24) ⊕ L˜5(24) ⊕ H5(2) .
(4.119)
m = 180 By [U1, Theorem 2], we know that L180 = L60(3) + L18(10). So we have
L180 = L60(3) + L18(10)
= (L12(5) ⊕ L5(12) ⊕ L˜5(12) ⊕ H5)(3) + L18(10)
= (L12(15) ⊕ L5(36) ⊕ L˜5(36) ⊕ H5(3)) + L18(10)
= (L12(15) + L18(10)) ⊕ L5(36) ⊕ L˜5(36) ⊕ H5(3)
= L36(5) ⊕ L5(36) ⊕ L˜5(36) ⊕ H5(3) .
(4.120)
m = 360 By [U1, Theorem 2], we know that L360 = L60(6) + L24(15) + L18(20). So
we have
L360 = L60(6) + L24(15) + L18(20)
= L120(3) + L18(20)
= (L24(5) ⊕ L5(24) ⊕ L˜5(24) ⊕ H5(2))(3) + L18(20)
= (L24(15) ⊕ L5(72) ⊕ L˜5(72) ⊕ H5(6)) + L18(20)
= (L24(15) + L18(20)) ⊕ L5(72) ⊕ L˜5(72) ⊕ H5(6)
= L72(5) ⊕ L5(72) ⊕ L˜5(72) ⊕ H5(6) .
(4.121)
L360 has the largest known rank 68 for an elliptic curve over k(t) (cf. [S6, §3, Re-
mark]).
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